Abstract. A function is called an exponential if it is a linear combination of products of polynomials with pure exponentials. In this paper lower and upper bounds for families of spaces of piecewise exponentials are established. In particular, the exact Lp-approximation order (1 _< p _< ) is found for a family {Sh}h>O of function spaces when each Sh is generated by an exponential box spline and its multi-integer translates.
successfully characterized the so-called controlled approximation order of (O'hS1)h when S is spanned by a single compactly supported function. However, when S is spanned by several compactly supported functions, their attempt at characterizing the controlled approximation order of {O'hS1}h failed, as was demonstrated by Jia's counterexample [13] . Neverthe- less, the conditions formulated by them to ensure a certain approximation power of (ahS}h have been widely used, and these conditions are now called the Strang-Fix conditions. In [4] de Boor and Jia gave a characterization of the local approximation order of ah'l }h in terms of the Strang-Fix conditions.
Both the work of Strang and Fix [20] and that of de Boor and Jia [4] put some restriction on the approximation from {ahS1}h (either "controlled" or "local"), and hence do not give a characterization for the (unconditional) approximation order. However, when $1 is spanned by the multi-integer translates of a box spline, the approximation order of ((rh'l }h was already established by de Boor and Hhllig in [3] . Their work was extended by aon [18] to the case where S is spanned by the multi-integer translates of a compactly supported function on IR" under an additional condition. Earlier, Jia [14] characterized the approximation order of {ahS}h when S is spanned by the integer translates of several compactly supported functions on IR.
Examples of the nonscaling case were given by Dyn and Ron in [12] . In particular, they emphasized that the Strang-Fix conditions are not applicable to approximation by translates of exponential box splines, which were first introduced by Ron [17] . Using quasi-interpolant schemes based on the Neumann series approach (see [7] ), Dyn and Ron [12] established a lower bound for the L-approximation order, but they did not show that this lower bound is, in fact, the exact approximation order. This is in sharp contrast to the case where Sh ahS1 and S is spanned by the multi-integer translates of a box spline. In such a case, the approximation order is relatively easy to determine (see [3] ). Even though a characterization of the approximation order was given by Ron [18] 
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with Dj being the jth partial derivative operator, j 1,..., n.
Following de Boor and Ron [6] , we call a function on IR n an exponential if it is a linear combination of products of polynomials with the pure exponentials eo x H eO'x, O E .,n, where 0. x denotes the inner product of 0 and x. Note that any finite-dimensional D-invariant (i.e., invariant under differentiation) space of distributions is a space of exponentials (see [1] ).
Let A0 be the linear space of all functions analytic at the origin. An element f A0 can be expanded into a power series in a neighborhood of the origin:
For j IN, let fj be the jth homogeneous part of f, i.e.,
The least term of f, denoted by f, is defined as fj with j being the smallest integer for which fj : 0 (see [5] In [6] , [12] , and [18] , only Lo-approximation was considered. In this paper we deal not only with Lo-approximation, but also Lp-approximation (1 _< p < oc). We contend that Lp-approximation is important. Indeed, Strang and Fix concentrated on L2-approximation, since their main concern was the finite element method. In the work of DeVore and Popov [11] on approximation by multivariate splines with free knots, Lp-approximation (0 < p < oc) played an essential role. Furthermore, Lpapproximation (1 _< p < oc) has a nature different from that of Lo-approximation. We can say that Lo-approximation is essentially local, while Lp-approximation (1 _< p < c) is global. This point will be made clear in the following sections. These conditions were first formulated in [6] . Let Remark. The Strang-Fix conditions as given in (2.1) are equivalent to the statement that Ch* maps eoPo to itself for each 0 E T (see [15] ). Obviously, the latter implies that (/)h$ maps H to itself, while the converse is true if h(T-T)N2ri {0} (see [6] ). Since T is fixed (independent of h), this condition is satisfied for sufficiently small h. Also see [8] Chui and Diamond in [7] , and developed by Dyn and aon in [12] . In the following we denote by 1 the identity mapping.
Conditions (i) and (ii) imply that for (n, Vuf :--f-f("-u). In the univariate case, such a smoothing technique was first introduced by DeVore [10] .
The following lemma was proved in [16] . We are now in a position to construct an Lp-approximation scheme for I _< p < oo. [12] that with k k(X), H$ D_ H<k but H$ Hk. Dyn and Ron [12] proved that k is a lower bound for the Lo-approximation order of {Sh}h>O. Now that {Sh}h>O and H satisfy the conditions of Theorems 2.1 and 3.1, we have the following concluding result. THEOREM 3.2. Let Sh be the range ofBh (F ")*. Then the exact Lp-approximation order of {Sh}h>O is k(X) (1
